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CONFORMAL IMAGE OF AN OSCULATING CURVE ON A
SMOOTH IMMERSED SURFACE
ABSOS ALI SHAIKH1, MOHAMD SALEEM LONE2 AND PINAKI RANJAN GHOSH3
Abstract. The main intention of the paper is to investigate an osculating
curve under the conformal map. We obtain a sufficient condition for the con-
formal invariance of an osculating curve. We also find an equivalent system
of a geodesic curve under the conformal transformation(motion) and show its
invariance under isometry and homothetic motion.
1. Introduction
The study of smooth maps between surfaces is an important field of study in
differential geometry. There are various mappings which preserve certain differ-
ential geometric quantities. Depending on the invariance of the mean curvature
and the Gaussian curvature, we mainly classify the transformations as isometric,
conformal and non-conformal. In case of isometry both length as well as the angle
is preserved. A geometrical way of interpreting isometry is that it preserves the
Gaussian curvature but not the mean curvature. One of the examples of such a
transformation is the existence of an isometry between a helicoid and a catenoid. A
generalized class of isometry is called a conformal transformation which is a dilated
form of isometry. In the case of conformal motion, only angles are preserved and
not necessarily distances. An important example of conformal transformation is a
stereographic projection. Gerardus Mercator used the conformal property of stere-
ographic projection to develop the famous Mercator’s world map. It is believed
the world’s first angle preserving map. A beautiful explanation together with some
applications of conformal maps, Bobenko and Gunn recently published a movie
with Springer on conformal maps, we strongly appeal the reader to see [1]. A more
generalized class of motions is of non-conformal transformations, wherein neither
distances nor angles are preserved.
The geometric position of an arbitrary point on a curve or on a surface is affirmed
by the position vector field. In case of curve, the position vector field can be thought
of a trajectory of the curve, wherein its first derivative gives the velocity and the
second derivative gives the acceleration of the trajectory. In this paper, we are
going to study the conformal properties of a curve which totally depends upon
its position vector field. If the position vector field of a curve always lies in the
orthogonal complement of the binormal vector, we say that type of curve as an
osculating curve. In other words an osculating curve is a curve whose position
vector always lies in the osculating plane spanned by unit tangent vector and unit
normal vector. Similarly we can define normal curve as a curve whose position
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vector lies in the plane spanned by the unit normal and binormal vector. Chen
([2]) introduced rectifying curves and obtained a relation between a rectifying curve
and the ratio of its curvature and torsion. Chen ([2]) characterized the rectifying
curve as the ratio of its curvature and torsion is a non-constant linear function of
the parameter. For details we refer the reder to see [3, 4].
The motivation of this paper starts with the article [8]. In [8] Shaikh and Ghosh
investigated the invariant properties of a rectifying curve lying on a smooth im-
mersed surface under isometric transformation. In that paper, they obtained a
sufficient condition with respect to which a rectifying curve retains its rectifying
property under an isometric motion. In addition to this sufficient condition, they
proved that the normal component of the rectifying curve is preserved under the
same isometric motion. This paper laid a foundation for many problems, for exam-
ple, what happens to an osculating or a normal curve lying on smooth immersed
surfaces under the isometric motion? Both of these problems were discussed in
[7, 9, 10]. Later in [11], we generalize the notion of study by conformal transforma-
tion, wherein we study the conformal transformation of rectifying curves lying on
smooth surfaces. In this paper([11]), in addition to various geometric invariants,
we obtain a sufficient condition with respect to which a rectifying curve retains its
nature under conformal motion. Now, the first hand possible studies depending
upon the position vector field and the conformality will be the investigation of os-
culating and normal curves. The present paper is devoted to investigate osculating
curves and the question with respect to the normal curve can be a future problem.
The paper is framed as follows. Section 2 is devoted to some rudimentary facts
about the curves lying on a smooth immersed surface. In section 3, we discuss
the main results. We obtain a sufficient condition for the conformal invariance
of an osculating curve. We also find a condition for the homothetic invariance of
the normal component of the osculating curve and prove that the component of an
osculating curve along any tangent vector to the surface is homothetic invariant. We
also find an equivalent system of a geodesic curve under conformal transformation
and show its invariance under isometry and homothetic motion.
2. Preliminaries
Suppose ~t, ~n and ~b are respectively the tangent, normal and binormal vectors
at any point to a unit speed curve σ : I ⊂ R → E3 such that {~t, ~n, ~b} forms a
Serret-Frenet frame. If ′ denotes the differentiation with respect to the arc length
parameter s, then we have 

d~t
ds
= κ~n
d~n
ds
= −κ~t+ τ~b
d~b
ds
= −τ~n,
where κ and τ are respectively the curvature and torsion of the curve σ.
Definition 2.1. A diffeomorphism G :M→ M˜ is said to be local isometry between
the surfaces M and M˜, if for all x1, x2 ∈ Tp(M) and for any p ∈M,
〈x1, x2〉p = 〈dGp(x1), dGp(x2)〉G(p).
A diffeomorphism which in addition to local isometry is a bijective map is called
an isometry. If there exists such an isometry G :M→ M˜, then M and M˜ are said
to be isometric.
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If G :M→ M˜ is a local isometry, then the coefficients of their first fundamental
forms are invariant under G and hence,
E = E˜, F = F˜ , G = G˜.
Definition 2.2. Let G be a diffeomorphism between two smooth surfaces M and
M˜. Then G is said to be a local conformal map between M and M˜, if for all
x1, x2 ∈ Tp(M) with an arbitrary p ∈M, we have
δ2〈dGp(x1), dGp(x2)〉G(p) = 〈x1, x2〉p,
where δ2 is a differentiable function on M, also known as dilation factor. We see
that a conformal motion is the composition of an isometry and a dilation. We
observe that if the dilation factor is identity, then we get the isometry. Geomet-
rically, we can say that the conformal maps preserve angles both in direction and
magnitude but not necessarily the lengths. In this case [5]:
δ2E = E˜, δ2F = F˜ , δ2G = G˜.
Here we shall call that the first fundamental form coefficients are conformally in-
variant.
For such a G to be conformal, a necessary and sufficient condition is that their
line elements are proportional and the ratio of arc elements given by ds
ds˜
is equal to
the dilation factor δ. If for all points on the surface the dilation factor is a non-zero
constant(say c), then the conformal map is said to be homothetic. If the dilation
function is constantly equal to one, the conformal map becomes an isometry. Thus
we can say isometric maps are a subset of conformal maps with the dilation factor
δ = 1 [6].
Definition 2.3. Let M and M˜ be two smooth surfaces with Φ(u, v) being the
surface patch of M and let g :M→ M˜ be a smooth map such that g˜ = g ◦ Φ:
• If g is conformal, then g is said to be conformally invariant when g˜ = δ2g
for some dilation factor δ(u, v).
• If g is homothetic, then g is said to be homothetic invariant when g˜ =
c2g, (c 6= {0, 1}).
Definition 2.4. Let σ : I ⊂ R → E3 be a smooth curve. Then σ is said to be
an osculating curve if its position vector is lying in the orthogonal complement of
normal vector i.e., σ · ~n = 0, and hence
(2.1) σ(s) = ξ(s)~t(s) + µ(s)~n(s),
where ξ, µ are two smooth functions.
Let M be a smooth surface with Φ(u, v) : U ⊂ R2 → M being its chart map
([page no 52, [5]]). Then, for the curve σ(s) = Φ(u(s), v(s)) on M, we have
σ′(s) = Φuu
′ +Φvv
′,
or,
~t(s) = σ′(s) = Φuu
′ +Φvv
′(2.2)
~t′(s) = u′′Φu + v
′′Φv + u
′2Φuu + 2u
′v′Φuv + v
′2Φvv.
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If N is the surface normal, then
(2.3) ~n(s) =
1
κ(s)
~t′(s) =
1
k(s)
(Φuu
′′ +Φvv
′′ +Φuuu
′2 +Φuv2u
′v′ +Φvvv
′2).
~b(s) =
1
k(s)
[
(Φuu
′ +Φvv
′)× (Φuu′′ +Φvv′′ +Φuuu′2 +Φuv2u′v′ +Φvvv′2)
]
,
=
1
k(s)
[
{u′v′′ − u′′v′}N+Φu × Φuuu′3 + 2Φu × Φuvu′2v′ +Φu × Φvvu′v′2
+Φv × Φuuu′2v′ + 2Φv × Φuvu′v′2 +Φv × Φvvv′3
]
.
Definition 2.5. If σ be a unit speed curve on M, then ~t ⊥ N and hence N× σ′,
σ′ and N are mutually orthogonal to each other such that σ′′ = κgN× σ′ + κnN,
where κg and κn are respectively known as the geodesic and normal curvature of
σ. Again since σ′′ = κ(s)~n(s), we have
κn = κ(s)~n(s) ·N = (u′′Φu + v′′Φv + u′2Φuu + 2u′v′Φuv + v′2Φvv) ·N
or
(2.4) κn = u
′2L+ 2u′v′M + v′
2
N,
where L,M,N are the coefficients of the second fundamental form of the surface.
We say that σ is asymptotic iff κn = 0.
3. Conformal image of an osculating curve.
Let σ(s) be an osculating curve lying on a smooth immersed surface M in E3,
then with the help of (2.1), (2.2) and (2.3), we get
(3.1) σ(s) = ξ(s)(Φuu
′+Φvv
′)+
µ(s)
k(s)
[
u′′Φu+v
′′Φv+u
′2Φuu+2u
′v′Φuv+v
′2Φvv
]
.
Theorem 3.1. If G : M → M˜ is a conformal map, then the image σ˜(s) of σ(s)
under G is an osculating curve on M˜ when
σ˜ − δG∗(σ) = µ
κ
[
u′
2
(
δuG∗Φu + δ ∂G∗
∂u
Φu
)
+ 2u′v′
(
δuG∗Φv + δ ∂G∗
∂u
Φv
)
+v′
2
(
δvG∗Φv + δ ∂G∗
∂v
Φv
)]
.(3.2)
Proof. Let M˜ be the conformal image ofM and Φ(u, v) and Φ˜(u, v) = G◦Φ(u, v) be
the surface patches of M and M˜, respectively. Then the differential map dG = G∗
of G sends each vector of the tangent space TpM to a dilated tangent vector of the
tangent space of TG(p)M˜ with the dilation factor δ.
Φ˜u(u, v) = δ(u, v)G∗Φu,(3.3)
Φ˜v(u, v) = δ(u, v)G∗Φv.(3.4)
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Differentiating (2.2) and (2.3) partially with respect to both u and v respectively,
we get
Φ˜uu = δuG∗Φu + δ ∂G∗
∂u
Φu + δG∗Φuu
Φ˜vv = δvG∗Φv + δ ∂G∗
∂v
Φv + δG∗Φvv(3.5)
Φ˜uv = δuG∗Φv + δ ∂G∗
∂u
Φv + δG∗Φuv
= δvG∗Φu + δ ∂G∗
∂v
Φu + δG∗Φuv.
Therefore in view of (3.2), (3.3), (3.4) and (3.5), we obtain
σ˜ = ξ(u′δG∗Φu + v′δG∗Φv) + µ
κ
[
u′
2
(
δuG∗Φu + δ ∂G∗
∂u
Φu + δG∗Φuu
)
+2u′v′
(
δuG∗Φv + δ ∂G∗
∂u
Φv + δG∗Φuv
)
+ v′
2
(
δvG∗Φv + δ ∂G∗
∂v
Φv + δG∗Φvv
)]
,
which can be written as
σ˜(s) = ξ(s)(Φ˜uu
′ + Φ˜vv
′) +
µ(s)
k(s)
[
u′′Φ˜u + v
′′Φ˜v + u
′2Φ˜uu + 2u
′v′Φ˜uv + v
′2Φ˜vv
]
,
i.e.,
σ˜(s) = ξ˜(s)~˜t(s) +
µ˜(s)
κ˜(s)
~˜n(s)
for some C∞ functions ξ˜(s) and µ˜(s). Thus σ˜(s) is an osculating curve. 
Here and now on onward, we accept ξ˜, µ˜ and κ˜ are also dilated with δ in such a
way, such that µ˜/κ˜ = µ/κ.
Corollary 3.2. Let M and M˜ be two smooth surfaces and G be a homothetic map
between them and σ(s) be an osculating curve on M. Then σ˜(s) is an osculating
curve on M˜ if
σ˜ − cG∗(σ) = µ
κ
[
u′
2
(
c
∂G∗
∂u
Φu
)
+ 2u′v′
(
c
∂G∗
∂u
Φv
)
+ v′
2
(
c
∂G∗
∂v
Φv
)]
.
Corollary 3.3. [8] Let G :M→ M˜ be an isometry between two smooth immersed
surfaces M and M˜ in E3 and σ(s) be an osculating curve on M. Then σ˜(s) is an
osculating curve on M˜ if
σ˜ − G∗(σ) = µ
κ
[
u′
2 ∂G∗
∂u
Φu + 2u
′v′
∂G∗
∂u
Φv + v
′2 ∂G∗
∂v
Φv
]
.
Theorem 3.4. If the smooth surfaces M and M˜ are conformally related and σ(s)
is a non-asymptotic osculating curve on M, then for the component of σ along the
surface normal, the following relation holds:
σ˜·N˜−δ2(σ·N) = µ
κ
1
δ4W 2
[
u′
2
(Φ˜uu−δ6Φuu)+2u′v′(Φ˜uv−δ6Φuv)+v′2(Φ˜vv−δ6Φvv)
]
.
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Proof. Let σ(s) be an osculating curve on M whose at least second order partial
derivatives are non-vanishing. To find the position vector of σ along the normal N
to the surface M at a point σ(s), from (3.1), we have
(3.6) σ(s) ·N = µ(s)
k(s)
[
u′2L+ 2u′v′M + v′2N
]
,
where L, M and N are the second fundamental form coefficients. In the Monge
patch form, the coefficients are given by
(3.7) L =
Φuu
1 + Φ2u +Φ
2
v(= W
2)
, M =
Φuv
1 + Φ2u +Φ
2
v
, N =
Φvv
1 + Φ2u +Φ
2
v
.
Now if σ˜(a) is an osculating curve on M˜ , we have
(3.8) σ˜ · N˜ = µ(s)
k(s)
[
u′2L˜+ 2u′v′M˜ + v′2N˜
]
.
Again by the Monge patch form, the conformal coefficients are given by
(3.9) L˜ =
Φ˜uu
1 + Φ˜2u + Φ˜
2
v
, M˜ =
Φ˜uv
1 + Φ˜2u + Φ˜
2
v
, N˜ =
Φ˜vv
1 + Φ˜2u + Φ˜
2
v
.
From (3.6) and (3.8), we get
σ˜ · N˜− δ2(σ ·N) = µ
κ
[
u′
2
(L˜− δ2L) + 2u′v′(M˜ − δ2M) + v′2(N˜ − δ2N)
]
.
Using (3.9) the above equation turns out to be
(3.10)
σ˜·N˜−δ2(σ·N) = µ
κ
1
δ4W 2
[
u′
2
(Φ˜uu−δ6Φuu)+2u′v′(Φ˜uv−δ6Φuv)+v′2(Φ˜vv−δ6Φvv)
]
,
which proves the theorem. 
Corollary 3.5. If M and M˜ are conformally related such that σ(s) is osculating
curve on M, then the normal component of σ(s) is invariant under the conformal
map if any one of the following relation holds:
(i) The position vector of σ(s) is in the direction of the tangent vector.
(ii) The curve σ(s) is asymptotic.
(iii) The normal curvature is invariant under the confomal map.
Proof. From (2.4), (3.6) and (3.8), we get
(3.11) σ˜ · N˜− δ2(σ ·N) = µ(κ˜n − δ
2κn)
κ
.
Now σ˜ · N − δ2(σ · N) = 0 if and only if µ = 0 and κ˜n − δ2κn 6= 0, implying
σ(s) = ξ(s)t(s) which proves (i) of the corollary. (ii) and (iii) are the direct
implications of κ˜n − δ2κn = 0. 
Corollary 3.6. If M and M˜ are homothetic and σ(s) is an osculating curve on
M, then the normal component of σ(s) is homothetically invariant if any one of
the following relation holds:
(i) (i) and (ii) of corollary 3.5 holds.
(ii) The normal curvature is homothetic invariant.
Corollary 3.7. If M and M˜ are isometric and σ(s) is an osculating curve on M,
then the component of σ along the surface normal is invariant under isometry if
any one of the following relation holds:
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(i) (i) and (ii) of corollary 3.5 holds.
(ii) The normal curvature is invariant under isometry.
Theorem 3.8. If G :M→ M˜ is a conformal map and σ(s) is an osculating curve
on M, then for the tangential component we have
σ˜(s) ·T = δ2 (σ ·T) + h(E,F,G, δ),(3.12)
where
h(E,F,G, δ) =
µ
2κ
[
a
(
2u′
2
δδuE + 4u
′v′δδvE + 4v
′2δδvF − 2v′2δδuG
)
+b
(
4u′
2
δδuF − 2u′2δδvE + 4v′u′δδuG+ 2v′2δδvG
) ]
.(3.13)
Proof. Let M˜ be the conformal image of M and Φ(u, v) and Φ˜(u, v) = G ◦ Φ(u, v)
be the surface patches of M and M˜, respectively. We know that
(3.14) δ2E = E˜, δ2F = F˜ , δ2G = G˜.
This implies that

E˜u = 2δδuE + δ
2Eu, E˜v = 2δδvE + δ
2Ev,
F˜u = 2δδuF + δ
2Fu, F˜v = 2δδvF + δ
2Fv,
G˜u = 2δδuG+ δ
2Gu, G˜v = 2δδvG+ δ
2Gv.
(3.15)
Now, we have
Eu = (Φu · Φu)u = 2Φuu · Φu
(3.16) Φuu · Φu = Eu
2
.
Similarly, it is easy to check that
Φuu · Φv = Fu − Ev2 , Φuv · Φu = Ev2 , Φuv · Φv = Gu2 ,
Φvv · Φv = Gv2 , Φvv · Φu = Fv − Gu2 .
(3.17)
Thus from (3.1), (3.16) and (3.17), we can easily deduce
(3.18)
σ(s)·Φu = ξ(s)(u′E+v′F )+ µ(s)
2κ(s)
[2u′′E+2v′′F+u′
2
Eu+2u
′v′Ev+2v
′2Fv−v′2Gu].
Similarly
(3.19)
σ(s)·Φv = ξ(s)(u′F+v′G)+ µ(s)
2κ(s)
[2u′′F+2v′′G+2u′
2
Fu−u′2Ev+2v′u′Gu+v′2Gv].
Now if σ˜ be an osculating curve on M˜ and T = aΦu + bΦv be the tangent vector
of M˜ at σ˜(s), we have
σ˜(s) · (aΦ˜u + bΦ˜v) = a
[
ξ˜(s)(u′E˜ + v′F˜ ) +
µ˜(s)
2κ˜(s)
(
2u′′E˜ + 2v′′F˜ + u′
2
E˜u
+2u′v′E˜v + 2v
′2F˜v − v′2G˜u
)]
+ b
[
ξ˜(s)(u′F˜ + v′G˜)
+
µ˜(s)
2κ˜(s)
(
2u′′F˜ + 2v′′G˜+ 2u′
2
F˜u − u′2E˜v + 2v′u′G˜u + v′2G˜v
)]
,
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or
σ˜(s) ·T− δ2[σ(s) ·T] = µ
2κ
[
a
(
2u′
2
δδuE + 4u
′v′δδvE + 4v
′2δδvF − 2v′2δδuG
)
+b
(
4u′
2
δδuF − 2u′2δδvE + 4v′u′δδuG+ 2v′2δδvG
) ]
.

Corollary 3.9. Let G : M → M˜ be a homothetic conformal map between two
smooth surfaces and σ(s) be an osculating curve on M. Then the tangential com-
ponent is homothetic invariant.
Proof. The claim directly follows from (3.12) and (3.13) while assuming δ(u, v) =
c. 
Corollary 3.10. [8] Let G : M → M˜ be an isometry and σ(s) be an osculating
curve on M. Then the tangential component of σ remains invariant.
Theorem 3.11. Let G :M→ M˜ be a conformal map between two smooth surfaces
and σ(s) be an osculating curve on M. Then for the geodesic curvature, we have
(3.20) κ˜g = δ
2κg + f(E,F,G, δ),
where
f(E,F,G, δ) =
[
ǫ211u
′3 + (2ǫ212 − ǫ111)u′2v′ + (ǫ222 − 2ǫ112)u′v′2 − ǫ122v′3
]√
EG− F 2.
Proof. Let σ(s) be an osculating curve onM and σ˜ = G ◦σ be the conformal image
of σ on M˜. From the definition of geodesic curvature
κg = σ
′′ · (N× σ′).
In [7] Shaikh and Ghosh showed that for such a σ, we have
κg = u
′v′′(EF − FE) + v′u′′(F 2 −GE) + u′v′′(EG− F 2) + v′v′′(FG−GF )
+u′
3
(EΦuu · Φv − FΦuu · Φu) + u′2v′(FΦuu · Φv −GΦuu · Φu)
+2u′
2
v′(EΦuv · Φv − FΦuv · Φu) + 2u′v′2(FΦuv · Φv −GΦuv · Φu)
+u′v′
2
(EΦvv · Φv − FΦvv · Φu) + v′3(FΦvv · Φv −GΦvv · Φu).
With the help of (3.16) and (3.17), the above equation turns out to be
κg = (u
′v′′ − v′u′′)(EG− F 2) + 1
2
u′
3
(2EFu − EEv − FEu)
+
1
2
u′
2
v′(2FFu − FEv −GEu) + u′2v′(EGu − FEv) + u′v′2(FGu −GEv)
+
1
2
u′v′
2
(EGv − 2FFv + FGu) + 1
2
v′
3
(FGv − 2GFv +GGu).(3.21)
In addition, let Γkij be the Christoffel symbols of second kind given by
(3.22)

Γ111 =
1
2W 2 {GEu + F [Ev − 2Fu]} , Γ222 = 12W 2 {EGv + F [Gv − 2Fv]}
Γ211 =
1
2W 2 {E[2Fu − Ev]− FEv} , Γ122 = 12W 2 {G[2Fv −Gu]− FGv}
Γ212 =
1
2W 2 {EGu − FEv} = Γ221, Γ121 = 12W 2 {GEv − FGu} = Γ112,
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where W =
√
EG− F 2. After conformal motion, the Christoffel symbols turns out
to be
Γ˜111 = Γ
1
11 + ϑ
1
11, Γ˜
2
11 = Γ
2
11 + ϑ
2
11, Γ˜
1
12 = Γ
1
12 + ϑ
1
12,
Γ˜212 = Γ
2
12 + ϑ
2
12, Γ˜
1
22 = Γ
1
22 + ϑ
1
22, Γ˜
2
22 = Γ
2
22 + ϑ
2
22,
(3.23)
where 

ϑ111 =
EGδu−2F
2δu+FEδv
δW 2
, ϑ211 =
EFδu−E
2δv
δW 2
,
ϑ112 =
EGδv−FGδu
δW 2
, ϑ212 =
EGδu−FEδv
δW 2
,
ϑ122 =
GFδv−G
2δu
δW 2
, ϑ222 =
EGδv−2F
2δv+FGδu
δW 2
.
(3.24)
Using (3.22) in (3.21), we get
(3.25)
κg =
[
Γ211u
′3+(2Γ212−Γ111)u′2v′+(Γ222−2Γ112)u′v′2−Γ122v′3+u′v′′−u′′v′
]√
EG− F 2.
In view of (3.23) and the above equation, κ˜g is given by
(3.26) κ˜g = δ
2κg+
[
ǫ211u
′3+(2ǫ212−ǫ111)u′2v′+(ǫ222−2ǫ112)u′v′2−ǫ122v′3
]√
EG− F 2.
This proves the claim. 
Corollary 3.12. Let G be homothetic conformal map between two smooth surfaces
M and M˜. Then the geodesic curvature of rectifying curve is homothetic invariant
under G.
Proof. Let us suppose δ = c, then the proof is a direct implication of (3.24) and
(3.26). 
Corollary 3.13. [7] Let G be an isometry between two smooth surfaces M and M˜.
Then the geodesic curvature of rectifying curve is invariant under G.
4. Conformal image of Geodesics
In this section, we seek what happens to a geodesic, in particular an osculating
curve on a smooth immersed surface under conformal transformation.
Definition 4.1. A vector field X is said to be parallel along a curve σ : I →M if
DX
dx
= 0 for all x ∈ I.
Definition 4.2. A non-constant curve σ : I →M is said to be geodesic at x ∈ I
if its tangent vector field is parallel at x ∈ I, i.e., Dσ′(x)
dx
= 0 and σ is said to be a
geodesic on M if it is geodesic for all x ∈M.
Theorem 4.3. Let G :M→ M˜ be a conformal map between two smooth surfaces
M and M˜ and σ(s) be a geodesic on M. Then σ˜ = G ◦ σ being a geodesic on M˜
is equivalent to the following system of differential equations
(4.1)
{
u′′ + Γ111u
′2 + 2Γ112u
′v′ + Γ122v
′2 + f1(E,F,G, δ) = 0
v′′ + Γ211u
′2 + 2Γ212u
′v′ + Γ222v
′2 + f2(E,F,G, δ) = 0.
Proof. Let σ(s) = Φ(u(s), v(s)) be a parameterized geodesic on the surface M and
Φ(u, v) be the coordinate chart of M. Then, we have
t(s) = σ′(s) = Φuu
′ +Φvv
′.
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Taking the covariant derivative of the above expression, the parallel condition of
the tangent vector field of σ is obtained as
(4.2)
(
u′′+Γ111u
′2+2Γ112u
′v′+Γ122v
′2
)
Φu+
(
v′′+Γ211u
′2+2Γ212u
′v′+Γ222v
′2
)
Φv = 0,
where Γkij , (i, j, k = 1, 2) are Christoffel symbols given by (3.22).
Since Φu and Φv are two basis vectors, therefore the geodesic condition in (4.2) is
equivalent to the following system of differential equations:
(4.3)
{
u′′ + Γ111u
′2 + 2Γ112u
′v′ + Γ122v
′2 = 0
v′′ + Γ211u
′2 + 2Γ212u
′v′ + Γ222v
′2 = 0.
Let σ˜ be a conformal image of σ on M˜. Using (3.23) and (3.24), we have
(4.4)


u′′ + Γ111u
′2 + 2Γ112u
′v′ + Γ122v
′2 +
(
ϑ111u
′2 + 2ϑ112u
′v′ + ϑ122v
′2
)
= 0
v′′ + Γ211u
′2 + 2Γ212u
′v′ + Γ222v
′2 +
(
ϑ211u
′2 + 2ϑ212u
′v′ + ϑ222v
′2
)
= 0,
where ǫkij , (i, j, k = 1, 2) are given by (3.24). Therefore the fact that σ˜ is a geodesic
on M˜ is equivalent to the following system of differential equations:{
u′′ + Γ111u
′2 + 2Γ112u
′v′ + Γ122v
′2 + f1(E,F,G, δ) = 0
v′′ + Γ211u
′2 + 2Γ212u
′v′ + Γ222v
′2 + f2(E,F,G, δ) = 0,
f1(E,F,G, δ) = ϑ
1
11u
′2+2ϑ112u
′v′+ϑ122v
′2 and f2(E,F,G, δ) = ϑ
2
11u
′2+2ϑ212u
′v′+
ϑ222v
′2. This proves the result. 
Corollary 4.4. A geodesic say σ(s) on a smooth surface is invariant under isom-
etry and homothetic motion.
Proof. Noting that from (3.23) and (3.24), the Christofell symbols are invariant un-
der isometry of homothetic motion. From (4.1), we see that the geodesic conditions
are dilated with the dilation factors f1 and f2, but from (4.1), (3.23) and (3.24), it
is easy to judge that the geodesics remain invariant under isometry and homothetic
motion. 
Note: The conclusions in theorem 4.3 and corollary 4.4 are true for a general
space curve, the same is true, in particular if σ(s) is an osculating curve.
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